STOCHASTIC INCOMPLETENESS FOR GRAPHS AND WEAK 
OMORI-YAU MAXIMUM PRINCIPLE 



XUEPING HUANG 



Abstract. Wc prove an analogue of the weak Omori-Yau maximum principle and 
Khas'minskii's criterion for graphs in the general setting of Keller and Lenz. Our 
approach naturally gives the stability of stochastic incompleteness under certain 
surgeries of graphs. It allows to develop a unified approach to all known criteria 
of stochastic completeness/incompleteness, as well as to obtain new criteria. 



Introduction 



Recently, Wojciechowski [2B], [2H], [3D] and Weber [27] independently studied the 
problem of stochastic completeness for the following Laplace operator (Weber calls 
it "physical Laplacian") on a locally finite, connected, undirected graph (V,E) : 

a/(x)= Yl (/(*)-/(*)) 

y£V,y~x 

where V is the set of vertices and E is the set of edges, and y ~ x means that 
(x, y) G E. See also [15] for some remarks. Essential self-adjointness of A has been 
shown by several authors independently, see [TH |2"2"| [271 [25] . The corresponding 
heat semigroup can be constructed as P t = exp(— tA). This semigroup determines a 
continuous time random walk on V, that is stochastically complete provided P t l = 1, 
and incomplete otherwise. The latter can occur due to a very fast escape rate so 
that the random walk reaches infinity in finite time. This phenomenon in the setting 
of Brownian motions on manifolds was first observed by Azencott [1] (see also the 
survey [TO]). 

The study of continuous time Markov chains has a long history, see for example 
the work of Feller [7] [8] and Reuter [26]. However, in the analytic study of random 
walks on graphs, the phenomenon of stochastic incompleteness has remained un- 
noticed until recently, perhaps because most attention was given to the normalized 
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(combinatorial) Laplace operator 

A ^) = deb £ (/(*)" 

yeV,y~x 

where degx is the number of neighbors of x in the graph. The corresponding heat 
semigroup of A is always stochastically complete, which is a consequence of the 
boundedness of A in L 2 . Following the classical approach |T7] to the stochastic com- 
pleteness in the framework of continuous spaces, Wojciechowski showed the equiva- 
lence of stochastic incompleteness and the existence of the so-called A-(sub)harmonic 
functions. Wojciechowski used this equivalence to obtain many interesting sufficient 
conditions for stochastic completeness and incompleteness. 

Weber [27] followed another approach via bounded solutions of the heat equation 
and discovered an interesting curvature-type criterion. 

Keller and Lenz [18] have extended their work to a general setting, namely reg- 
ular Dirichlet forms on discrete countable sets. In this setting the graphs are not 
necessarily locally finite and have general weight functions both for vertices and 
edges. 

In this note we adopt an alternative approach to stochastic completeness on 
graphs. A cornerstone of this approach is Theorem I2.2[ where we prove that the 
stochastic completeness is equivalent to a discrete analogue of the weak Omori-Yau 
maximum principle. The latter notion was introduced by Pigola, Rigoli, and Setti 
[25] , [21] , where they proved the aforementioned equivalence in the setting of man- 
ifolds and gave many applications. For the original form of Omori-Yau maximum 
principle, see [23], [3T] . 

We use the weak Omori-Yau maximum principle and its consequence, a discrete 
Khas'minskii's criterion, to develop a unified approach to all known criteria of sto- 
chastic completeness/incompleteness, as well as to obtain new criteria. For example, 
in Theorem 15.41 we establish an improvement of the curvature-type criterion in 
[27] . Together with Lemma 12. 3[ the weak Omori-Yau maximum principle also easily 
gives stability results for stochastic incompleteness. For example, the subgraph of 
a stochastically incomplete graph, which consists of vertices with weighted degrees 
larger than some constant, is stochastically incomplete as well (Theorem 14.31) . Due 
to special features of the graph case, some results are new and some are stronger 
than their manifold relatives. Part (3) of Lemma 12.31 and Theorem 12.81 have no 
analogues for manifolds to the author's knowledge. Our version of Khas'minskii's 
criterion Theorem 13.11 is stronger than a direct generalization of the manifold case 
(Theorem 15.11) . 

The paper is organized as follows. In Section 1, we introduce the framework of 
Keller and Lenz as our starting point. The weak Omori-Yau maximum principle for 
graphs is proved in Section 2 together with a useful Lemma |2~3"1 Then Khas'minskii's 
criterion is established in Section 3. Section 4 is devoted to the stability of stochastic 
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incompleteness under certain surgeries of graphs. In Section 5, we concentrate on 
the special case of physical Laplacian and show how the weak maximum principle 
and Khas'minskii's criterion are applied. In the last section, we present some open 
questions and further developments. 



1. Foundations 



We generally follow the framework set up in [18] except that we don't include 
killing terms here. Consider a triple (V, b, /i) where V is a discrete countably infinite 
set, fi is a measure on V with full support, and b : V x V — > [0, +oo) satisfies: 

(1) b(x,x) = 0; 

(2) b(x,y) = b(y,x); 

( 3 ) Ej/ev K x > v) < +°°- 

The triple (V, b, /i) will be called a (weighted) graph, and sometimes we abuse the 
notation and denote a graph simply by V. We call the quantity 

i 

Deg(x) := —-y2b(x,y) 

the weighted degree of x £ V. For example, for the physical Laplacian, fi(x) = 1 
and the weighted degree Deg(x) coincides with the usual degree degx. However, for 
the combinatorial Laplacian, fi(x) = deg(x) and hence Deg(x) = 1. 

The couple (V, //) forms a measure space. Then the real function spaces L P (V, /x), < 
p < oo are naturally defined as 

{u : V -> E : ^/i(x)Kx)| p < oo} 

and L°°(V,fj,) is simply the space of bounded functions on V. 
A formal Laplacian A: 

A«(x) = — 7-r^2b(x,y)(u(x) -u(y)) 
y 

is introduced on the domain 

F = {u : V -> R : Vx G V, ^ < oo}. 

y 

An obvious fact is that L°°(V, //) C F 1 . 

A quadratic form Q can be defined on the space of finitely supported functions 
C C (V) as 



Q( u ) = 2 & ( x '^)( n ( a; ) _ n (?/)) 2 
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It is closable and its closure is a regular Dirichlet form which we also denote by Q. 
This is a nonlocal Dirichlet form in general. The semigroup Pt corresponding to the 
Dirichlet form Q on L 2 (V,fi) can be extended to all L p (V,fi),p G [l,oo], and the 
associated generators are certain restrictions of the formal Laplacian A. We abuse 
the notation and denote all these operators by A. The explicit domains of these 
generators are irrelevant to the problem of stochastic completeness (for details see 
[IB]). For the general theory of Dirichlet forms and semigroups, we refer to [HJ |2"T| 15]. 

The following theorem about stochastic incompleteness is classical for the manifold 
case [10] and is proven independently by Wojciechowski and Weber for the graph 
case (physical Laplacian). Keller and Lenz [TSJ dH] prove it in the general setting: 

Theorem 1.1. The following statements are equivalent: 

(1) For some t Q > 0, some x G V, P to l(x ) < 1. 

(2) For every X > 0, there exists a nonconstant, nonnegative, bounded function 
v on V such that Av + Xv — 0. Such a function v is called a X-harmonic 
function. 

(3) For every (or, equivalently, for some) X > 0, there exists a nonconstant, 
nonnegative, bounded function v on V such that Av + Xv < 0. v is called a 
X-subharmonic function. 

(4) There exists a nonconstant, nonnegative, bounded solution to the Cauchy 
problem 

du 

Au(x,t) + -t^t(M) = 0,/or all x G V, all t > 
u(-,0) = 

Remark 1.2. In the context of Markov chains, Feller [3, [8] and Reuter [26] also 
cover parts of this result from the probabilistic point of view. 

A graph is said to be stochastically incomplete if any one of these four conditions 
holds. Otherwise it is stochastically complete. 

2. Weak Omori-Yau maximum principle 

From now on, we will denote the supremum of a function / by /*. 

Definition 2.1. A graph (V,b,fi) is said to satisfy the weak Omori-Yau maximum 
principle if for every nonnegative function f on V with f* = supy / < +oo and for 
every a > 0, 

sup Af > 0, 

where 

n a = {xeV: f(x) >f*- a}. 



It was first noticed by Pigola, Rigoli and Setti [25] that in fact a smooth, con- 
nected, non-compact, Riemannian manifold satisfies the weak Omori-Yau maximum 
principle if and only if the semigroup generated by the Laplace-Beltrami operator 
on it is stochastic complete. It is somewhat surprising that this also holds in the 
graph case although we are dealing with nonlocal operators here. 

Theorem 2.2. A graph satisfies the weak Omori-Yau maximum principle if and 
only if it is stochastically complete. 

Proof. Assume that the weak maximum principle holds but the graph is stochasti- 
cally incomplete. Then there exists a bounded, non-negative, nonconstant solution 
/ of the equation Af + Xf = for some A > 0. Choosing a = <y > 0, we have 

sup Af = sup -Xf < -Ay < 

which is a contradiction. 

Conversely, if V is stochastically complete but the weak maximum principle does 
not hold, there exists a nonnegative function / on V with /* < +oo and some a > 
and c > such that 

sup Af < -2c. 

Define 

fa = (/ + «-/*) + , 

which is obviously nonconstant, nonnegative and bounded. Setting A = -, we claim 
that 

A/„ + Xfa < 0, 

which implies stochastic incompleteness and leads to a contradiction. 
For x G VL c a , f a (x) = 0, so the claim is trivially true. 
For x G f2 a , we have 

Xf a (x) < Xa = c, 

and 

f a (x) - f a (y) = f(x) -r + a- f a {y) < f(x) - f(y). 

Hence 

A/ Q (x) + \f a (x) = —r^y~]b(x, y){f a {x) - f a (y)) + Xf a (x) 

y 
y 

= Af(x) + c < -c. 

□ 



6 X. HUANG 

Now we know that a graph is stochastically incomplete if and only if there exist 
a nonnegative function / on V with /* < +00 and some a > and c > such that 

sup Af < —c. 

The following lemma describes some elementary properties of a function / that 
violates the weak maximum principle. 

Lemma 2.3. Suppose that (V, 6, /x) is stochastically incomplete. Let f be a nonneg- 
ative function on V such that f* < +00 and for some a > and c > 0, 

sup Af < —c. 

Let a' = min{a, c}. Then the following is true. 

(1) / cannot attain its supremum f* on V , and in particular, is nonconstant; 

(2) sup^, Af < -a'; 

(3) for every n > 1, and every x G fia/ , 



Deg(x) = — r^r ^ 6(x, > n. 



In oi/ier words, 

£7^ C {2 G V : Deg(x) > n}. 

n 

Proof. (1) Suppose that there exists x G V such that f(x ) = f*. In particular, 
i 6 fi a . We have that 

J—J2 b (^y)(f(y) - /(*o)) = - A/(* ) > o 0. 

Thus there exists 7/ G V such that /(y) > f(x ), a contradiction. 
(2) Since a' < a, we have Q a i C So 

sup A/ < sup A/ < — c < —a'. 

f2 / Q Q 



(3) For x G f2<£, set 



rv ; y-f(y)>f(x) 



we have 

a ' < -a/(x) < 4t E K*>v)(fto)-f (*))<— ■ 

Therefore / > n and, in particular, Deg(x) > n for all x G fio/. □ 
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Remark 2.4. Part (3) of this lemma gives a control of "directions of increase" of the 
function violating the weak maximum principle. An immediate consequence is that 
a stochastically incomplete graph necessarily has unbounded weighted degree. In 
particular, the semigroup corresponding to the combinatorial Laplacian on a graph 
is stochastically complete. This is a result of E] . 

Stochastic incompleteness is a global property while the weighted degree function 
is a local quantity. We can define a "global weighted degree function" in an iterative 
way. 

Lemma 2.5. Fix a non-decreasing sequence = {ak}k>o of nonnegative real num- 
bers. We use the convention that 

For x G V and fceN, define 

De ge,oO) = Deg(x), 

and 

Dege )fc+1 (x) = ^7~y Yl K x ,v)- 

y,~Dcg @k (y)>a k 

Then for any x G V, {Deg e ki x )}k>o forms a non-increasing, nonnegative sequence. 
In particular, 



Dege.ooO) = lim Deg 0fe (a;) 



exists for all x G V . 



Proof. The sequence {Deg e k (x)}k>o obviously has nonnegative entries. We only 
need to prove that for any k > 0, 

D ege,fc+i(aO < Deg 0fe (x). 

For k = 0, we have 

Deg e ,iO0 = -jrx Yl V) - ~^Ta S y ^> = De ge,o(^)- 

Assume that the assertion holds for k = n — 1 > 0, that is 

Deg e (x) < Deg e _!(a:). 
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Since a n > a n _i, we see that for k = n, 

De ge , n (x) = ^- h ^y^ 

V,Ucg en _ 1 (y)>a n - 1 

J/. Dc §e,n-l(y)> a n 

»/;Deg 

= Deg e>n+1 {x). 

The assertion follows by induction. □ 

Definition 2.6. We callDeg e ^(x) the global weighted degree of x with respect to the 
sequence 6. For the special case when = n, we denote Deg 0oo (x) by Deg noD (x) 
and call it the global weighted degree of x with parameter n. 

Lemma 2.7. For m > n > 1, k £ N, the following holds for any x G V , 

Deg n fc (x) > Deg m>k {x). 

In particular, for any x G V , 

De gn,oo(^) > Deg m oo (x). 

Proof. This can be proven by an induction procedure similar to the proof of Lemma 
12.51 The k = case is obvious as 



Assume that 
Then we have 



D egn,oO) = Deg(x) = Deg m0 (x). 
Deg n fc (x) > Deg m fc (x). 

Deg nifc+1 (x) = — b ( x >y) 

y,Deg mifc (2/)>m 

= Deg mjfc+1 (x). 



□ 



The notion of the global weighted degree function allows us to improve Lemma 
12.31 as follows. 



Theorem 2.8. Suppose that (V,b,fi) is stochastically incomplete. Let f be a non- 
negative function on V such that f* < +00 and for some a > 0, 

sup Af < —a. 

Then for any n > 1, 

C {x G V : Deg nj00 (x) > n}. 

As a consequence, (V, b, /i) has unbounded global weighted degree for any parameter 
n>\. 

Proof. In the proof of part (3) of Lemma [2. 3 \ we already showed that for x G Q«, 

l = ^) E K^v)>n. 

PK ; y--f(y)>m 
We claim that for all x G f2s., fceE 

n < / < Deg n;fe (x). 

Assuming the claim, we see that for any x G 

n<l< Deg noo (x). 

Hence 

{l<±C{xeV: Deg nj00 (x) > n}. 
Now we complete the proof of the claim. For all x G Qsl, 

n 

D egn,oO) = t~t J] ^ - ~TT X ^ = L 

^ ' y ^ ' y--m>m 

Assume that the claim is true for k. In other words, for all x G 

n 

Degn,fc(^) >l>n. 

Note that if f(y) > f(x) for x G y is necessarily in and consequently, 

Deg nifc (y) >l>n. 

Thus we have 

Deg njfc+1 (x) = -i-y J] 6(x,j/) > X & ( x >^ = Z 

^ ; 2/,Deg n>t; (y)>n ^ J !/:/(»)>/(*) 

for any cc G fia. The claim follows by induction. 

By Lemma 12. 7[ we see that for m > n > 1 , 

ttsL^{xeV: Deg mj00 (x) > m} C {x G V : Deg n oo (x) > m}. 

The set Q°l is nonempty for any m > n, so that the function Deg n ^(x) is necessarily 
unbounded for any n > 1. □ 
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3. Khas'minskii's criterion 

Now we are ready to prove the following analogue of Khas'minskii's criterion for 
stochastic completeness. 

Theorem 3.1. Assume that the weighted degree function Deg(x) is unbounded for 
the graph (V, b, /i). If there exists a nonnegative function 7 G F on V such that 

(3.1) 7(2) —> +00 as Deg(a;) —> +00 
and 

(3.2) Aj(x) + Xj(x) > outside a set A of bounded weighted degree 
for some A > 0, then V is stochastically complete. 

Proof. We only need prove that V satisfies the weak Omori-Yau maximum principle. 
If not, there should exist a nonnegative function / on V with /* < +00 and some 
a > such that 

sup Af < —a. 

Let 

M = sup{Deg(x) : x G A} < +00. 
By Lemma I2.3[ changing a if necessary, we can assume that Deg(x) > M for all 

Let 

u = f - ey, 

where the parameter c > will be chosen later. 
Since /* < +00 and 

7(0:) — > +00 as Deg(x) — > +00, 
there exists N(c) > M such that 

sup u(x) = supn(x) < +00. 

{xeV:Deg(» <N(c)} V 

Let < rj < min(^, ^-). Since / cannot attain the value /*, we can choose x such 
that 

m >r-\ 

Choose c = c(j], x) > small enough to insure that cj(x) < \. 

For n G N, we can choose x n with Deg(x n ) < N(c) such that u(x n ) > u* — -. We 
have 

f(x n ) + - > f(x n ) - C7(x n ) + - > f(x) - cj(x) > f*-7j, 
n n 

and 

C7(x n ) < f(x n ) -f* + r] + -<r] + -. 
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So for every index n > 



v 



3 

f(x n ) > f* - -V > f* ~ a, 

3 3 
c\j(x n ) < -Xrj < -a. 

In particular, for every index n > -, x n G Q, a . It follows that for all n > -, 

Aj(x n ) + Xj(x n ) > 0, 

and 

Af(x n ) < -a. 

Then 

3 A(/ - try) (z n ) = A/(x n ) - cA 7 (a: n ) 

< —a + cA7(x n ) < —a/4. 

On the other hand, we have 

A(/ - C7)(x n ) = Am(x„) 



— — V 6(x n , y)(u(x n ) - u(y)) 

IJ>\Xn) ^ 



> Deg(x n .) > iV(c) 



n n 

Choosing sufficiently large n, we obtain a contradiction with (13. 3p . □ 

Remark 3.2. Note that unlike in the case of manifolds we do not require that the 
exceptional set A be compact. 

A convenient version of Khas'minskii's criterion on manifolds is given in [23] . We 
give the discrete analogue here. 

Theorem 3.3. If there exists a nonnegative function a G F on V with 

a(x) — > +oo as Deg(x) — > +oo 

satisfying: 

Ao~(x) + /(cr(x)) > outside a set A of bounded weighted degree 
for some positive, increasing function f G C 1 ([0,+oo)) with 

30 dr 



-oo, 



then V is stochastically complete. 
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Proof. Let 



ds . 



<f>(r) = exp( / 
Jo 

we have <f>(r) —> +00 as r — >• +00. 

The function <f>(r) is increasing and concave since: 

(1) m = j$h>0; 

(2) P(r) = < 0. 
Therefore for r, s > we have 

0(r) — 0(s) > 4>'(r)(r — s). 

Thus 

^ X > yev 

(3 - 4) > E 6 (*> V)^) - "M) 

= 0V(^))Aa(x), 

which also shows that <fi(cr(x)) G F. Now, consider 7(0;) = (f)(a(x)), then 

7(x) —7- +00 as Deg(x) — >■ +00. 

On the complement of A we have 

A7O) + 7(x) = A0(a(x)) + (j){a{x)) 

> <p'{o-{x))Aa{x) + <f){a{x)) 

(3.5) =0'Kx))(A^) + ||^) 

= <j ) '(a(x))(Aa(x) + f(a(x)) + a(x)) 
><f)'(a(x))(Aa(x) + f(a(x))>0 



Theorem 13.11 applied to 7(3;) with A = 1 implies stochastic completeness. □ 

In the previous proof, we have made use of the following elementary fact. 

Lemma 3.4. Let f e C 1 ([0,+oo)) be a positive, increasing function. Assume further 
that 

" + °° dr 

77T = +0 °- 

+00. 



Then 

30 dr 



f(r) + r 
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For the sake of completeness, we give a proof here. 

Proof. Note that the integral is only improper at +00 since / is positive and in- 
creasing on [0, +00). Assume that the assertion is not true for a while, we see that 

dr 

< +00. 



f(r) + r 



However, for all x > 0, we have 



- 1 < f dr < f + °° 



2 f(x) + x Jul f(r)+r J* f(r) + r 

The third integral necessarily goes to as x approaches +00. Thus there exists 
ro > such that for any r > 7*0, 

r 1 
< -. 



f(r)+r ~ 2 
It follows that f(r) > r for all r > r$. But then 



dr f + °° dr 



''0 



f(r) + r-J ro 2f(r 



A contradiction. □ 



4. Stability results 

In this section we show that after certain surgeries, a stochastically incomplete 
graph will remain stochastically incomplete. The weak Omori-Yau maximum princi- 
ple allows us to pass from the stability of existence of certain functions to the stabil- 
ity of stochastic incompleteness. Roughly speaking, part (3) of Lemma 12.31 implies 
that a perturbation of bounded weighted degree does not affect the stochastically 
incompleteness. This intuition is made explicit by the following theorems. 

Theorem 4.1. Let (V, 6, /x) be a graph and W C V. (W, b\wxw, lAw) forms a sub- 
graph. Assume that W is stochastically incomplete. If one of the following two con- 
ditions holds, V is also stochastically incomplete. 

(1) For some n > 1, sup{Deg H/ (x) : x G W, By G V^W 7 , b(x, y) > 0} < n; 

(2) There exists n > 1, such that Vx G W, 

^ v ' ydV\W 

Proof. (1) Since W is stochastically incomplete there exists a nonnegative function 
/ on W and a > such that 

supA^/ < -a. 
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Here 
and 

for x G W. 

Define a function u on by 

(4.6) r (/(i) + - - d + , x g 

u(x) = < n 
(4.6') I 0, x G V^W. 

We see that u* = - and 

n 

Ql = { x G V : u(x) > 0} = {x G W : /(x) >/*--} C {x G W : Deg^(x) 

n 

by (3) of Lemma 12.31 

Thus for x G fia , y G we have 6(x, y) = 0. Hence for every x G 

n n 

A v u(x) = — — Y] b(x, y){u(x) - u(y)) 

= 7~T Y] H x , y){u{x) - u(y)) 

(4.7) M*) 

^iE fe (z, </)(/(*) -fto) 

= A w f(x) < -a. 

The stochastic incompleteness of V then follows from Theorem 12.21 
(2)As in (1), there's a nonnegative function f on W and a > such that 

supA w / < -a 

since W is stochastically incomplete by assumption. 
Define a function u on V by 



(4.8) = f (f(x) + £ - /*)+, x G W, 

(4.8') 1 0, x G 
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We see that u* = and 

fi]g. = {x G V : u(z) > 0} = {x G W : /(x) > /* - ^}. 

So for x G 

2n 

A y u(x) = ——- Y] b(x, y){u(x) - u{y)) 

^ y ' y€V 

= -prj^6(x,j/)(u(x) -u(y)) + -p- ^ b(x,y)(u(x) -u(y)) 
(4.9) yew y eV\w 

s^E^,v)(/W-/W) + ^ £ 

< A»/(x) + f < -f 



The stochastic incompleteness of V then follows from Theorem 12.21 □ 

Remark 4.2. Part (2) of Theorem 14.11 was first proved by Keller and Lenz [18J. 
Our proof here is more elementary. 



In Theorem 14.11 we derive stochastic incompleteness of graphs from that of sub- 
graphs. The weak maximum principle allows also to obtain implications in the op- 
posite direction, as in the next statement. 

Theorem 4.3. Let (V,b,fJ,) be a stochastically incomplete graph and n > 1. The 
subgraph 

W = {x G V : Deg(x) > n} 
with weights (b\wxw, lAw) ^ s stochastically incomplete as well. 

Proof. There exists a nonnegative function / on V and a > such that 

sup A v f < —a. 

We will show that f\w is a function violating the weak maximum principle. 



From Lemma [2.31 we see that 



sup / = sup /, 

W V 



and 

n n 

We claim that for any x G 

n 

A w f{x) < A v f{x) < -a. 
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In fact, for x G ,y G V\W, we claim that f(y) < f(x). If not 

n 

f(y) > f(x) > r - £ 
so that y G C W, a contradiction. 

n 

Then for any x G f2F , we obtain 

-a > A v f(x) = -}-J2 b &y)(f(x) - f(y)) 

fl[X) y&V 



+ J^y E 6 (*,v)(/0»0-/(v)) 

' yew 

The stochastic incompleteness of V then follows from Theorem 12.21 □ 



5. Applications to the physical Laplacian 

In this section, we apply the weak Omori-Yau maximum principle and Khas'minskii's 
criterion to the physical Laplacian on an (un-weighted) graph. We assume that (V, E) 
is a locally finite, connected infinite graph without loops and multi-edges where V 
is the set of vertices and E is the set of edges. This corresponds to the special case 
that b(x, y) G {0, 1}, /i(x) = 1. 

As before, we use V to denote the graph if no confusion arises. We write y ~ x 
if there's an edge connecting x and y. In this case, we call the vertices x and y 
neighbors. Then the weighted degree function 

Deg(x) = ^2 v) = #{y e v : y ~ x h 

y ev 

is exactly the number of neighbors of x in V, i.e. deg(x). 

Let d be the graph metric on V, that is, for any two vertices x, y G V, d(x, y) is 
the smallest number of edges in a chain of edges connecting x and y. We fix a point 
x* G V as a root of the graph and define 

r(x) = d(x, x*). 

A key feature of the graph metric is that if x ~ y, then 

\r(x) — r(y)\ < 1. 
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We use further the notations 

S R = {y e V : r(y) = R}, 
B R = U* =0 S n = {y E V : r(y) < R}, 
m±(x) = #{y : y ~ x, r(y) = r(x) ± 1}, 
K±{r) = maxm±(x), 

x£S r 

and 

k±{r) = min m± (2:) . 

The formal Laplacian in this case is 
(5-10) Af(x)= -/(y)). 

y,y~x 

Here / can now be an arbitrary function on V because of the local finiteness. For 
example, 

(5.11) Ar(x) = m_(x) — m + (x). 

The machinery of weak Omori-Yau maximum principle and Khas'minskii's crite- 
rion can be applied in two ways. 

(1) Choose a series ^^L a n with nonnegative terms, and define the function 

r(x) 

f( x ) = ^2a n 

n=0 

which then can be used in the weak Omori-Yau maximum principle and 
Khas'minskii's criterion. Choosing the series appropriately we obtain suffi- 
cient conditions for stochastic completeness and incompleteness. 

(2) Alternatively, one can determine "natural" values of a n by solving certain 
difference equations or inequalities. 

Before going into details we would like to point out that for a locally finite graph 
of unbounded degree, deg(x) —> +00 implies r(x) — > +00. Thus Theorem 13. II can be 
restated in a weaker form: 

Theorem 5.1. Assume the degree function deg(x) is unbounded for the locally finite 
graph (V, E). If there exists a nonnegative function 7 on V with 

7(x) —> +00 as r(x) — > +00 

satisfying 

A r y(x) + A7(x) > outside a finite set A 
for some A > 0, then V is stochastically complete. 

Remark 5.2. Wojciechowski and Keller [20] also obtained independently this form 
of Khas'minskii's criterion using a different method. 
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5.1. Criterions for stochastic completeness. In what follows, Yl^=o an * s a se ~ 
ries with nonnegative terms. 

Theorem 5.3. IfYl'^'=o a n = +°° and for some A > 0, the following inequality 

r(x) 

m + (x)a r ( x)+ i -m„(x)a r(x) < A^a n 

n=0 

holds outside a finite set, then V is stochastically complete. 
Proof. Let 7(2;) = J^o a ™' then 

r(x) 

Aj(x) + X'j(x) = m_(x)a r(x .) - m + (x)a r ( x ) +1 + A^a n , > 



outside a finite set and 7(2) —> +00 as r(x) — > +00. By Theorem 15. 1[ V is stochas- 
tically complete. □ 



Theorem 15.31 already gives some nontrivial results through some obvious choices 
of a n : 

(1) One natural choice is a n = 1. Then a sufficient condition for stochastic 
completeness is 

m + (x) — m„(x) < Xr(x) 

outside a finite set for some A > 0. This improves the curvature type criterion 
of Weber [27] where the sufficient condition is 

m + (x) — m_(x) < C 

for some constant C > 0. 

(2) Take a — 0, a n — - for n > 1. We have that 

m + (x) — (1 H — —)m_(x) < Alogr(x) 
r{x) 

is sufficient for stochastic completeness. 

One can improve these results by choosing divergent series with smaller terms. 
We do this with a view toward using Theorem 13.31 

Theorem 5.4. If for some positive, increasing function f e C 1 ([0, +00)) with 

,+00 jr_ 

JO f(r) ^ LXJ ' 

m + (x) — m~(x) < f(r(x)) 
outside a finite set, then V is stochastically complete. 

Proof. We only need to take cr(x) = r(x) in Theorem 13.31 □ 

Remark 5.5. The quantity Ar(x) = m„(x) — m + (x) can be viewed as an analogue 
of the mean curvature of a geodesic sphere on a Riemannian manifold. 
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The following result was first obtained by Wojciechowski [29]. We give a shorter 
proof, based on Theorem 15.11 



Theorem 5.6. If X)£lo k m = then V is stochastically complete. 
Proof. Let 

r(x)-l 
r=0 +V 1 

for r{x) > 0, and 7(2;*) = 0. We then have that 

7(2) — > +00 as r(x) —> +00, 

and outside a finite set 

Aj(x) + 7(x) = m_(x) / — - m+(x) 1 + 7(x) > 7(2;) - 1 > 0. 

A + (r(x) — 1) K + [r[x)) 

The assertion follows from Theorem 15.11 □ 

5.2. Criteria for stochastic incompleteness. Similarly, using test series to define 
functions that violate the weak maximum principle, we obtain a curvature type 
criterion for stochastic incompleteness: 

Theorem 5.7. If Y2h=o 0,1 < +°°) a i ^ and for some n e N, c > 0, f/ie inequality 

m + (x)a r ( x ) +1 - m-(x)a r ( x ) > c 
holds for r(x) > n, then V is stochastically incomplete. 

Proof. Let 

r{x) 

1=0 

Then 

00 

/* = a r < +00. 

r=0 

Let a = X^n+i a i- Then f(x) > f* — a implies that r{x) > n. So in this case, 
-Af(x) = m + {x)a T{x)+1 - m-{x)a r{x ) > c. 
By Theorem 12. 2\ V is stochastically incomplete. □ 

Theorem 12.21 can also be used to derive the following result about stochastic 
incompleteness obtained by Wojciechowski 
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Theorem 5.8. If 

OO , s 

x m-\x) 
(5.12) > max ^4 < +oo, 

r=l v ' 



then V is stochastically incomplete. 

m_ (x) 
to+ (a;) 



Proo/. Denote max xeSr z^Tm b Y ^( r )- Let 



r(x)— 1 

/(») = ^ 
r=l 

for r(x) > 2, and /(#) = elsewhere. Then 

OO 

/* = swpf(x) = ^2v( r ) < +°°- 

r=l 

Choose r > 2 sufficiently large so that 

< a = r/(r) < -. 

r=ro — 1 

Then 

r-o-2 

n a = {xeV:f(x)>J2v(r)} = B c ro _ v 

r=l 

But for x G -B^o-i' 

r/(r(x) - 1) < -. 

Hence 

A/(x) = m_(x)r](r(x) — 1) — m + (a;)?7(r(x)) 

< -m_(:r) — m_(x) 

1 1 

< --m_(x) < -- 

on f2 Q . 

By Theorem 12.21 V is stochastically incomplete. □ 



Remark 5.9. Theorem 15.81 first appeared in a slightly weaker form as Theorem 3.4 
in [30]. There stochastic incompleteness is established under the condition 



' KJr) 



instead of (15TT2"]) . 



< +oo 
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5.3. The symmetric case. 

Definition 5.10. A graph V is called weakly symmetric if it satisfies 

m + (x) = g + (r(x)),m_(x) = g_(r(x)) 
with functions g + (r),g-(r) : N — > N. 

For graphs that are weakly symmetric, Wojciechowski [2H] proved the following 
criteria. Here we present a proof based on the weak maximum principle. 

Theorem 5.11. A weakly symmetric graph V is stochastically complete if and only 
if 

^ V{r) 



r=0 



where S{r) = JfS r and V(r) = #B r . 
Proof. Since 



we see that 
Let 



m+(x) = g+(r(x)),m-(x) = g-(r(x)), 
g_(r)S(r) = g + {r - l)S{r - 1). 

r(x)-l , 

^ V(r) 

w = 2^ 



r=0 

for r(x) > 0, and 7(2;*) = 0. We have 



g+(r)S(r) 



a / \ , M v V(r(x) - 1) / / w V(r(x)) 

A 7 (x) = g-(r(x)) . . , v \ ' l ,\ — - - g+(r(x)) 



g+(r(x) - l)S(r(x) - 1) g + (r(x))S(r(x)) 
V(r(x) - 1) _ V(r(x)) 
S(r(x)) S(r(x)) 

for r(x) > 1. 

If 7(2;) +00 as r(x) — > +00, then 

A 7 (x) + 7(1) = 7(2) - 1 > 

outside a finite set. The stochastic incompleteness then follows from Theorem 15.11 

For the other implication suppose that 7* = sup 7(0;) < +00. Letting a = 7*, we 
see that on Q a = Bq, 

A7(z) = -1. 

The stochastic incompleteness then follows from Theorem 12.21 □ 

Remark 5.12. As pointed out by Wojciechowski [2H], it is interesting to notice that 
for a weakly symmetric graph, the edges between points on the same sphere play no 
role in stochastic completeness. See also [20] for further studies of weakly symmetric 
graphs. 
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6. Further remarks 



(1) A rich source for ideas behind the study of stochastic completeness of the 
physical Laplacian is the literature about the Riemannian manifold case. However, 
due to the fact that the Dirichlet form on a graph is nonlocal, there are some 
essential differences in our case. For example, as shown by Wojciechowski [29], there 
exist stochastically incomplete graphs with polynomial volume growth which never 
happens in the manifold case. His examples of stochastically incomplete graphs that 
satisfy 



are presented in the next remark. 

It is then interesting to ask what is the smallest possible volume growth for 
stochastically incomplete graphs. It is natural to conjecture that for the physical 
Laplacian on graphs, the condition 



implies stochastic completeness. This is proven in a forthcoming paper of Grigor'yan, 
Huang and Masamune [12]. Note that for geodesically complete Riemannian mani- 
folds, the almost sharp condition ([1], [IT], [T3], [To] ) 



implies stochastic completeness. 

On the other hand, there exist stochastically complete graphs with arbitrarily 
large volume growth. For example, take a set of vertices {0, 1,2, ••• ,n---} with 
edges n ~ n + 1. For each vertex n, we associate a distinct finite set V n and add 
extra edges between n and points in V n . The resulting graph V is then a tree whose 
volume growth can be chosen to be arbitrarily large. It is of bounded global weighted 
degree with parameter 1 and hence is stochastically complete by Theorem 12.81 The 
stochastic completeness of V can be shown via Theorem 14 .31 as well. 

(2) Let S(r) be given with S(0) = 1. By connecting every vertex in S r to every 
vertex in SV+i we get a spherically symmetric graph Gs- Then by Theorem 15. Ill Gs 
is stochastically incomplete if and only if 



since m±(x) = S(r(x) ± 1). Taking S(r) = [(r + l) 2+e ], £ > where [c] is the integer 
part of c, we see that Gs is stochastically incomplete whereas 



fi(B r ) < Cr 3+£ ,C,e> 0, 



n{B r ) < Cr 3 ,C> 0, 



fj,(B r ) < expCr 2 ,C> 0, 




r=0 



»(B r ) < Cr c 



for some C > 0. 
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This construction of Wojciechowski [29], at the same time gives a counterexample 
to the converse of Theorem 15.81 The graph Gs with S(r) = (r + l) 3 satisfies 

Em_(x) (r — l) 3 
max — = > — - = +oo, 
i xeSr m + (x) ^ (r + l) 3 

but is stochastically incomplete. 

(3) We conjecture that if: 

m + (x) — rri-{x) > f(r(x)), 

where /(r) > and Yl^=o JJr) < then V is stochastically incomplete. This 

should be a useful complement to Theorem 15.41 

(4) We conjecture that the converse of Theorem 13.11 should be true. Namely, if a 
graph (V, b, (i) is stochastically complete, then there should exist a function 7(2;) G F 
on V satisfying the conditions (13. ip . (13. 2p . 

(5) For a subset A of V, we define its (outer) boundary to be 

dA = {x : x G A c , and 3?/ G A, s.t. 2 ~ y} 



and its closure to be A = A U dA. Wojciechowski and Keller [20] proposed the 
following conjecture. 

Conjecture 6.1. If for some fixed point x* G V as root, 

(6,3) Sfe = + - 

i/ien (V, E) is stochastically complete. 



This is an analogue of a conjecture for the stochastic completeness of manifold 
proposed by Grigor'yan in [10]. However, recently Bar and Bessa [2] constructed a 
counterexample to Grigor'yan's conjecture. Their idea can also be applied to the 
physical Laplacian as follows. 

Take a stochastically complete tree T with root Xi, for example, a binary tree. 
Then T has exponential volume growth with respect to graph distance. Choose a 
stochastically incomplete graph with only polynomial volume growth, for example, 
the graph Gs in the previous remark with the root denoted by xi- Now we make 
a single extra edge between x\ and £2 resulting in a new graph V. Since the glu- 
ing happens at only one point at Gs, the graph V is stochastically incomplete by 
Theorem 14.11 However, for any fixed point x* G V as a root, the quantities j^B r 
and j^dB r are always of the order 2 n . So we know that V satisfies (I6.13P while it 
is stochastically incomplete. This example is simpler than the example of [2] in the 
manifold case, thanks to special features of the discrete setting. 
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